ABSTRACT. One classical result in greedy approximation theory is that almost-greedy and semigreedy bases are equivalent in the context of Schauder bases in Banach spaces with finite cotype. This result was proved by S. J. Dilworth, N. J. Kalton and D. Kutzarova in [7] and, recently, the first author in [2] proved that the condition of finite cotype can be removed in this result. In [11] , the authors extend the notion of semi-greediness to the context of weights and proved the following: if w is a weight and B is a Schauder basis in a Banach space X with finite cotype, then w-semi-greediness and w-almost-greediness are equivalent notions. In this paper, we prove the same characterization but removing the condition of finite cotype and, also, we try to relax the condition of Schauder in the characterization of semi-greediness using the ρ-admissibility, notion introduced recently in [4] .
INTRODUCTION
Let (X, · ) be a Banach space over F (F denotes the real field R or the complex field C) and let B = (e n ) ∞ n=1 be a semi-normalized Markushevich basis of X with biorthogonal functionals (e * n ) ∞ n=1 , that is: a) 0 < c 1 := inf n { e n , e * n } ≤ sup n { e n , e * n } =: c 2 < ∞. b) e * j (e i ) = δ j,i . c) X = span{e i : i ∈ N}. d) If e * j (x) = 0 for all j ∈ N, then x = 0. We say that B is a semi-normalized strong Markushevich basis if a)-d) are satisfied and e) span{e i : i ∈ A} = {x ∈ X : e * j (x) = 0 ∀ j ∈ A}. Throughout the paper, we will refer to a semi-normalized strong Markushevich basis B as a basis. Also, we will say that B is a Schauder basis if B is a basis in the above sense and if f) K b := sup m P m < ∞, where P m (∑ j a j e j ) = ∑ m j=1 a j e j is the m-th partial sum. As usual supp (x) = {n ∈ N : e * n (x) = 0}, given a finite set A ⊂ N, |A| denotes the cardinality of the set A,
P A is the projection operator, that is, P A (∑ j a j e j ) = ∑ j∈A a j e j , P A c = I X − P A , 1 εA = ∑ n∈A ε n e n where ε = (ε n ) n is a sign, that is, |ε n | = 1 (where ε n could be real or complex), 1 A = ∑ n∈A e n and, for A, B finite sets, A < B means that max i∈A i < min j∈B j.
In the year 1999 ( [13] ), S. V. Konyagin and V. N. Temlyakov introduced the Thresholding Greedy Algorithm (TGA): given a basis B in a Banach space and x ∼ ∑ ∞ i=1 e * i (x)e i ∈ X, the collection (G m (x)) ∞ m=1 is a greedy approximation of x, where G m (x) = ∑ n∈Λ e * n (x)e n , and the set Λ is any set of cardinality m satisfying the following condition:
The set Λ is called a greedy set.
In general, (G m (x)) m can not be unique since we can have some coefficients with the modulus. Hence, we consider the natural ordering existing in N to solve this fact. Define the natural greedy ordering for x as the map ρ : N −→ N such that supp (x) ⊂ ρ(N) and so that if j < k then either |e * ρ( j) (x)| > |e * ρ(k) (x)| or |e * ρ( j) (x)| = |e * ρ(k) (x)| and ρ( j) < ρ(k). The m-th greedy sum of x is
e * ρ( j) (x)e ρ( j) , and the sequence of maps (G m ) ∞ m=1 is known as the Thresholding Greedy Algorithm associated to B in X. Of course, we can write G m (x) = ∑ k∈A m (x) e * k (x)e k , where A m (x) = {ρ(n) : n ≤ m} is the greedy set of x with cardinality m: min k∈A m (x) |e * k (x)| ≥ max k / ∈A m (x) |e * k (x)|. The terminology of the Thresholding Greedy Algorithm can be found, for instance, in [8, 10, 13, 15] . In [13] , the authors defined quasi-greedy bases: Definition 1.1. We say that B in a Banach space X is quasi-greedy if there exists a positive constant C such that
The least constant that verifies (1) is denoted by C q and we say that B is C q -quasi-greedy.
In [15] , P. Wojtaszczyk proved that a basis B is quasi-greedy if and only if
Then, from the point of view of the approximation, quasi-greediness is the minimum condition that guarantees the convergence of the TGA, but there are others greedy-type bases that we need to attack the problem that we want to study. On the one hand, we have greedy bases, notion introduced by S. V. Konyagin and V. N. Temlyakov in [13] . We say that B is greedy if there exists a positive constant C such that
n∈A a n e n : a n ∈ F, A ⊂ N, |A| ≤ m .
In this paper we focus our attention on almost-greedy bases, notion introduced by S. J. Dilworth, N. J. Kalton, D. Kutzarova and V. N. Temlyakov in [8] . We say that B is almost-greedy if there exists a positive constant C such that
Later on, in [1] , the authors proved that the notion of almost-greediness is equivalent to
where C is the same constant than in the definition of almost-greediness and
In [8] , the authors proved that a basis is almost-greedy if and only if the basis is quasi-greedy and democratic (that is, there exists a positive constant C such that 1 A ≤ C 1 B , for any A, B ∈ N <∞ and |A| ≤ |B|). Thanks to a work of G. Kerkyacharian, D. Picard and V. N. Temlyakov ( [12] ) motivated by the work of A. Cohen, R. A. DeVore and R. Hochmuth ( [6] ), we consider a generalization of almost-greedy bases. We define a weight w as any collection w = (
). We say that B is w-almost-greedy if there exists a positive constant C such that
We denote by C a the least constant that verifies (2) and we say that B is C a -w-almost-greedy. Definition 1.3. We say that B is w-super-democratic if there exists a positive constant C such that
for any pair of sets A, B ∈ N <∞ with w(A) ≤ w(B) and for all pair of signs ε, ε ′ . We denote by C s the least constant that verifies (3) and we say that B is C s -w-super-democratic. If in (3) we add the condition A ∩ B = / 0, we say that B is
In [5] , the authors gave the following characterization of w-almost-greedy bases.
Theorem 1.4 ([5]).
Assume that B is a basis in a Banach space X.
• If B is C q -quasi-greedy and C d -w-democratic, then B is C a -w-almost-greedy with
• If B is C a -w-almost-greedy, then B is C q -quasi-greedy and C d -w-democratic with
Here, we reformulate the above theorem using the w-disjoint-super-democracy. Theorem 1.5. Assume that B is a basis in a Banach space X. a) If B is C a -w-almost-greedy, then B is C q -quasi-greedy, C sd -w-disjoint-super-democratic and C s -w-super-democratic, with
If B is C q -quasi-greedy and C sd -w-disjoint-super-democratic, then the basis is C a -w-almostgreedy with C a ≤ C q + 2C q C sd .
as Theorem 1.4 shows. This is an improvement respect to the order of the constants as we can see using the Proposition 6.1 of Section 6.
In [7] , S. J. Dilworth, N. J. Kalton and D. Kutzarova study an equivalence of almost-greedy bases from a new point of view to improve the rate of convergence. For this equivalence, the authors introduced the notion of semi-greedy bases. Let A m (x) the greedy set of x of cardinality m. Define the m-th Chebyshev-greedy sum as any element C G m (x) ∈ span{e i : i ∈ A m (x)} such that
a n e n : a n ∈ F .
The collection {C G m } ∞ m=1 is the Thresholding Chebyshev Greedy Algorithm (TCGA). A basis B is semi-greedy if there exists a positive constant C such that
The first authors that studied the relation between semi-greediness and almost-greediness were S. J. Dilworth, N. J. Kalton and D. Kutzarova in [7] . Recently, the first author proved in [2] that the condition of finite cotype can be removed. Focusing our attention in the weighted case, in [11] , the authors extend the definition of semigreediness.
Definition 1.9 ([11]
). We say that B is w-semi-greedy if there exists a positive constant C such that
where
We denote by C sg the least constant that verifies (4) and we say that B is C sg -w-semi-greedy.
Here, we study the equivalence between w-semi-greediness and w-almost-greediness removing the condition of finite cotype following the spirit of [2] in the world of Schauder bases in Banach spaces. Remark 1.10. For w = (1, 1, ...), that is, w(A) = |A|, we recover the definitions of super-democracy, disjoint-super-democracy, almost-greediness and semi-greediness. Theorem 1.11. Assume that B is a Schauder basis in a Banach space. a) If B is C sg -w-semi-greedy, then B is C q -quasi-greedy and C s -w-super-democratic with
If B is C q -quasi-greedy and C s -w-super-democratic, then B is C sg -w-semi-greedy with
c) If B is C q -quasi-greedy and C sd -w-disjoint-super-democratic, then B is C sg -w-semi-greedy with
Remark 1.12. In [11] , the authors proved that C q -quasi-greediness and C d -w-democracy implies C sg -w-semi-greediness with C sg = (C 3 q C d ). Our Theorem 1.11 shows that we can get C sg = O(C 2 q C sd ) or C sg = O(C q C s ). As in the Remark 1.6, the last bound is an improvement respect to the bound C sg = (C 3 q C d ) using Proposition 6.1. Hence, for w = (1, 1, ...), we recover the result proved in [2] as we say in the following corollary. Corollary 1.13. Assume that B is a Schauder basis in a Banach space. The following are equivalent: a) B is semi-greedy. b) B is quasi-greedy and super-democratic. c) B is quasi-greedy and disjoint-super-democratic.
The structure of the paper is the following: in Section 2, we write and study some preliminary results that we will use in the proof of the main results. In Section 3, we improve a recent result proved in [5] establishing the relation between w-semi-greediness and the so called Property (C). In Section 4, we prove Theorems 1.5 and 1.11. In Section 5, we relax the condition of Schauder bases in the characterization of semi-greediness and in Section 6, we show the relation between w-superdemocracy and w-disjoint-super-democracy for any weight w and we add some open questions.
PRELIMINARY RESULTS
To prove the main theorems of this paper, we need the followings results concerning convexity, the truncation operator and some properties of weights. 
For each α > 0, we define the truncation function of z ∈ F as
where Γ α = {n : |e * n (x)| > α} and ε j = sgn (e * j (x)) with j ∈ Γ α . Hence, this is a well-defined operator for all x ∈ X since Γ α is a finite set.
This operator was introduced in [7] to show the equivalence between almost-greediness and semi-greediness and they proved that for quasi-greedy bases, this operator is uniformly bounded. Also, in [3] , the authors showed the same result but with a slight improvement of the boundedness constant.
Proposition 2.2. [3, Lemma 2.5] Assume that B is C q -quasi-greedy basis in a Banach space X. Then, for every α > 0,
The last one result that we will use is related to weights.
Proposition 2.3. Let B be a basis in a Banach space X.
i) Assume that w(A) ≤ lim sup n→∞ w n . If B is C sg -w-semi-greedy, then
If in addition B is Schauder, it is possible to get that
ii) If B is C sg -w-semi-greedy or C sd -w-disjoint-super-democratic and sup n w n = ∞ or ∑ n w n < ∞, then B is equivalent to the c 0 -basis. iii) If B is C sg -w-semi-greedy or C sd -w-disjoint-super-democratic and inf n w n = 0, B contains a subsequence equivalent to the c 0 -basis.
Proof. The case of w-disjoint-super-democracy is proved in [5] assuming w-super-democracy, but the same proof is also valid for w-disjoint-super-democracy. The case of w-semi-greediness is proved in [11] but assuming that the basis is Schauder. Here, we show this result for general bases using similar ideas. i) Find n ∈ N \ A such that w(A) < w n . Hence, if we consider the element x := 1 εA +(1 +δ )e n with δ > 0 and ε a sign, applying the TCGA with {n} the greedy set of x,
Taking limits when δ goes to 0, 1 εA ≤ C s gc 2 (1 + c 2 2 ). ii) If sup n w n < ∞, by a), 1 εA ≤ C sg c 2 (1 + c 2 2 ) for any finite set A and for all possible sign ε. Hence, the basis is equivalent to the c 0 -basis. If ∑ n w n < ∞, we can choose a number m ∈ N such that ∑ ∞ i=m+1 w n < w 1 . We can assume that min i∈A i ≥ m + 1. Hence, with the same procedure as in a), 1 εA ≤ C sg c 2 +C sg c 3 2 . iii) Choosing a subsequence (n k ) k such that ∑ ∞ k=1 w n k < ∞, we apply the item b) and we have that (e n k ) k is equivalent to the c 0 -basis.
THE PROPERTY (C)
It is well known that one of the properties that quasi-greediness preserves is the so called Property (C). Definition 3.1. We say that a basis B in a Banach space X has the Property (C) if for any x ∈ X and G a greedy set of x, there exists a positive constant C such that
We denote by C u the least constant that verifies the above inequality and we say that B has the C u -Property (C).
Although quasi-greediness implies Property (C), the converse is false as [3, Example 5.5] shows. The following is a known inequality from [8] .
Lemma 3.2. [8, Lemma 2.2]
If B is a C q -quasi-greedy basis in X, then, for all x ∈ X and for all greedy set G of x, we have min
where ε = {sgn (e * j (x))}. Remark 3.3. Since any quasi-greedy basis is unconditional for constant coefficients (see [15] ), that is, 1 εA ≈ 1 A for any sign ε and any finite set A, from Lemma 3.2 we can deduce that any quasi-greedy basis has the Property (C).
[5, Proposition 4.10] shows that any Schauder and w-semi-greedy basis satisfies the Property (C) assuming that 0 < inf n w n ≤ sup n w n < ∞. Here, we extend this result proving that w-semigreediness implies the Property (C) for any weight w. Before that, we study the following lemma.
Lemma 3.4. Assume that B is a Schauder basis with constant K b and C sg -w-semi-greedy in a Banach space X. Then, if F is a set such that F > supp (x) and w(F) ≤ w(G) for some greedy set G, hence min i∈G |e *
Proof. Take x ∈ X, G a greedy set of x and a set F and a sign η as in the statement of the lemma. Define the following element y := min i∈G |e * i (x)|1 ηF + P G c (x) + ∑ i∈G (e * i (x) + δ ε i )e i , where δ > 0 and ε ≡ {sgn (e * j (x))}. Then, for the element y, the set G is a greedy set. Hence, applying the TCGA,
Taking limits when δ goes to 0, we obtain the result. 
Proof. Take x ∈ X and let G be a greedy set of x, α = min i∈G |e * i (x)| and |ε| = 1. We consider different cases (these cases are inspired by [11] ). Case 1: ∑ ∞ n=1 w n = ∞ and sup n w n < ∞. Case 1.1: If w(G) > lim sup n→∞ w n , since ∑ n w n = ∞, we can choose E and n 0 ∈ N with E > supp (x) and n 0 > max E such that
Define then the element y := α1 εG + (α + δ )1 F , where δ > 0 and F = E ∪ {n 0 }. Then, a greedy set of y is F and hence, applying the TCGA,
Taking limits when δ goes to 0,
Now, it is only necessary to estimate α1 E . For that, we only have to apply Lemma 3.4 and then, we obtain that
Using (6) and (7), we obtain the result in this case. Case 1.2: Now, if w(G) ≤ lim sup n→∞ w n , using Proposition 2.3, max
Case 2: If ∑ n w n < ∞ or sup n w n = ∞, using Proposition 2.3, B is equivalent to the c 0 -basis and the result is trivial.
PROOF OF THE MAIN RESULTS
Proof of Theorem 1.5. : First, we prove the item a). Assume that B is C a -w-almost-greedy and take two sets A, B ∈ N <∞ with w(A) ≤ w(B) and two signs ε, ε ′ . First, we show that
Define the element x :
Hence, taking the limits when δ goes to 0, we prove (8) . Taking into account that (8) does not change if we apply the estimate for {ε ′ n e n } n for any |ε ′ | = 1, we can assume that ε ′ ≡ 1. Now, to conclude the result, we realize that 1 εA ∈ 2S for the real case and 1 εA ∈ 4S for the complex case, where
Hence, applying this remark in (8) and [9, Lemma 6.4],
This completes the w-super-democracy. To show the w-disjoint-super-democracy, take A, B, ε, ε ′ as in the beginning with A ∩ B = / 0. Define the element x := 1 εA + (1 + δ )1 ε ′ B with δ > 0. Hence, the set B is the greedy set of x with cardinality m := |B|. Thus,
Taking limits when δ goes to 0, we obtain that B is C sd -w-disjoint-super-democratic with C sd ≤ C a .
The proof of quasi-greediness is trivial since in the definition of w-almost-greediness we can take A = / 0. b) Assume now that B is C q -quasi-greedy and C sd -w-disjoint-super-democratic. Take m ∈ N, G m (x) = P A (x) and B such that w(B) ≤ w(A) and x − P B (x) <σ w w(A) (x) + δ with δ > 0. We have the following decomposition:
On the one hand, since A \ B is a greedy set of x − P B (x),
On the other hand, since w(B \ A) ≤ w(A \ B), using Lemma 2.1 and w-disjoint-super-democracy with ε ≡ {sgn (e * j (x))},
Now, by Lemma 3.2, using that A \ B is a greedy set of x − P B (x) and min j∈A\B |e * j (x)| = min j∈A\B |e * j (x − P B (x))|,
By (9) and (10), we obtain that B is C a -w-almost-greedy with C a ≤ C q + 2C q C sd .
Proof of Theorem 1.11. : Assume that B is C sg -w-semi-greedy. To exhibit the w-super-democracy and quasi-greediness we consider the different cases that we have considered in the Proposition 3.5. Case 1: ∑ ∞ n=1 w n = ∞ and sup n w n < ∞.
• To prove quasi-greediness, take x ∈ X such that |supp (x)| < ∞, and without loss of generality we can assume that max j |e * j (x)| ≤ 1, m ∈ N and consider that w(A m (x)) > limsup n→∞ w n . Since ∑ n w n = ∞, we can choose E and n 0 ∈ N with E > supp (x) and n 0 > max i∈E i such that w(E) ≤ w(A m (x)) < w(E) + w n 0 . Set F := E ∪ {n 0 } and α = min j∈A m (x) |e * j (x)|. Define the element y := (x − G m (x)) + (α + δ )1 F , with δ > 0. Hence, the greedy set of y is F and then, if the scalars (a n ) n are given by the TCGA,
Of course, α e n 0 ≤ c 2 2 x , so we only have to estimate α1 E . For that, using Lemma 3.4,
Then, we have that the basis is quasi-greedy for elements with finite support with
2 ). To show the quasi-greediness for any x ∈ X, we need the following result (see [14, Lemma 2.2] ): if x ∈ X and A m (x) is the greedy set of cardinality m of x, then for any ε > 0 there exists y ∈ X with |supp (y)| < ∞ such that x − y < ε and A m (x) = A m (y). Using that, we proceed as follows:
Taking now limits when ε goes to 0, we obtain that B is C q -quasi-greedy with C q ≤ C 1 . Now, consider that w(A m (x)) ≤ lim sup n→∞ w n . Using Proposition 2.3,
Then, using convexity,
Hence, B is quasi-greedy with C q ≤ 2c 2 C sg K b + 1.
• To show the w-super-democracy in this case, take A, B ∈ N <∞ such that w(A) ≤ w(B) and two signs ε, ε ′ . If w(B) > lim sup n→∞ w n , we tan take the set F as before, that is,
Then, taking the element x := 1 εA + (1 + δ )1 F , with δ > 0, the greedy set of x is F. Using the scalars (a i ) i∈F given by the TCGA, we have that
. Now, as E > B, taking the element x := (1 + δ )1 ε ′ B + 1 E , using the same ideas that before with w(B) ≥ w(E), we obtain that
Hence, the basis is w-super-democratic with constant C s ≤ 2K 2 b C 2 sg + K b C sg c 2 2 . If w(B) ≤ lim sup n→∞ w n , using Proposition 2.3,
Case 2: If ∑ n w n < ∞ or sup n w n = ∞, using Proposition 2.3, B is equivalent to the canonical basis of c 0 and the result is trivial.
The item a) is proved. Now, we show b). Assume that B is C q -quasi-greedy and C sd -w-disjointsuper-democratic. Take m ∈ N, supp (G m (x)) = A m (x) and z = ∑ n∈B a n e n such that x − z < σ w w(A m (x)) (x) + δ with δ > 0. If α = max j ∈A m (x) |e * j (x)|, we take the element ν as is defined in [7] :
where y i = e * i (x) − a i . Of course, ν satisfies that supp (x − ν) ⊂ A m (x) and we will prove that ν ≤ (C q + 4C q C sd ) x − z . One the one hand, using Proposition 2.2,
On the other hand, since |e * i (x) − T α (y i )| ≤ 2α for all i ∈ B \ A m (x), using C sd -w-disjoint-superdemocracy with η ≡ {sgn (e * j (x − z))}, w(B) ≤ w(A m (x)) and Lemma 2.1,
is a greedy set of x − z. Using quasi-greediness,
Finally, using this fact and Proposition 3.2,
Hence, the basis B is C sg -w-semi-greedy with C sg ≤ C q + 4C sd C 2 q and b) is finished. Now, we proved the item c). For that, we only have to estimate the inequality (14) in a different way. Consider that the basis is C q -quasi-greedy and C s -w-super-democratic and take the sets A m (x), B,C and η = {sgn (e * j (x − z))} as in b). It is clear that
, hence, applying the w-super-democracy, Lemma 2.1 and Proposition 3.2 in (14),
Thus, the basis is C sg -w-semi-greedy with C sg ≤ C q + 4C q C s . This completes the proof.
ρ -ADMISSIBILITY AND SEMI-GREEDINESS
In the most papers where we study some characterization about greedy-type bases, the more general stage involves only the condition of (strong) Markushevich bases. Then, a natural question is if we can remove the condition of Schauder basis in Theorem 1.11. This question is so closed to the Question 1 established in [2] . Here, we present a weaker condition than Schauder to give a characterization of semi-greediness<, that is, the version of Theorem 1.11 for the weight w = (1, 1, ...) . For that purpose, we consider the following definition that we can find in [4] .
Definition 5.1. For ρ ≥ 1, we say that (e n ) ∞ n=1 is ρ-admissible if the following holds: for each finite set A ⊂ N, there exists n 0 = n 0 (A) such that, for all sets B with min i∈B i ≥ n 0 and |B| ≤ |A|, ∑ n∈A α n e n ≤ ρ ∑ n∈A∪B α n e n , ∀α n ∈ F.
Of course, this condition is satisfied for Schauder bases, but, in fact, it is satisfied for a more general bases. We remind some classical definitions:
• (e n ) ∞ n=1 is weakly null if lim n→∞ x * (e n ) = 0, ∀x * ∈ X * .
•
y(e n ) = 0, ∀y ∈ Y.
• Given κ ∈ (0, 1], a set Y ⊂ X * is κ-norming whenever
In [4] , we can find the following result.
Proposition 5.2. Let {e n , e * n } ∞ n=1 be a biorthogonal system in XxX * . Suppose that the sequence {ẽ n := e * n e n } ∞ n=1 ⊂ X is Y -null, for some subset Y ⊂ X * wich is κ-norming. Then, {e n } ∞ n=1 is ρ-admissible for every ρ > 1/k. Some examples of bases that are not Schauder satisfying the above proposition can be found in Section 3 of [4] . One of them is the trigonometric system in C([0, 1]). Our contribution in this case is the following theorem. Proof. We only have to show that semi-greediness implies quasi-greediness and disjoint-superdemocracy. The ideas that we use are the same than in Theorem 1.11 (and [2, Theorem 1.10]) applying the condition of ρ-admissibility.
First, we show super-democracy. Take two sets A and B such that |A| ≤ |B|, A ∩ B = / 0 and two signs ε, η. Since the basis is ρ-admissible, we can find a set F such that |F| = |A ∪ B| and F > A ∪ B. Now, select a set C ⊂ F such that |C| = |A|. Hence, ∑ n∈A∪B α n e n ≤ ρ ∑ n∈A∪B∪C α n e n , ∀α n ∈ F.
Consider the element x := 1 εA + (1 + δ )1 C , with δ > 0. Using the TCGA,
Using semi-greediness and (15) with α n = ε n if n ∈ A, α n = 0 if n ∈ B and α n = a n if n ∈ C,
Taking limits when δ goes to 0, we obtain that
Now, consider y :
As before, using semi-greediness and (15) with α n = 0 if n ∈ A, α n = b n if n ∈ B and α n = 1 if n ∈ C,
Taking limits when δ goes to 0 and (16), we obtain that
Thus, the basis is C sd -disjoint-super-democratic with C sd ≤ C 2 sg ρ(1 + ρ). Now, we prove quasi-greediness. Since our basis is strong Markushevich, it is enough to consider x ∈ X with finite support A = supp (x) as we have said in Theorem 1.11. Using the ρ-admissibility, we can find a set C such that |C| = |A|, C > A and ∑ n∈A α n e n ≤ ρ ∑ n∈A∪C α n e n , ∀α n ∈ F.
Take m ∈ N and δ > 0. Define the element y :
is the greedy set of x with cardinality m. Then, using the TCGA,
Using semi-greediness and (17) with α n = 0 if n ∈ A m (x), α n = e * n (x) if n ∈ A \ A m (x), α n = a n if n ∈ F and α n = 0 if n ∈ C \ F,
Now, take η ≡ {sgn (e * i (x))} and define z := ∑ i∈A m (x) (e * i (x)+δ η i )e i +P (A m (x)) c (x)+α1 F for δ > 0. Thus, by TCGA,
Again, using semi-greediness and (17) with α n = b n if n ∈ A m (x), α n = e * n (x) if n ∈ A \ A m (x), α n = α if n ∈ F and α n = 0 if n ∈ C \ F,
By (18) and (19), B is C q -quasi-greedy with C q ≤ Cρ(1 + (1 + ρ)C sg ).
Remark 5.4. We have studied the characterization of semi-greediness using the ρ-admissibility. But, at the moment, we don't know if it is possible to prove the same characterization for w-semigreediness since the condition of the ρ-admissibility talks about the cardinality over the sets and not over the weights.
FINAL COMMENTS
In this last section we will discuss two questions. The first one is to show that Remark 1.6 is an improvement respect to the bound of Theorem 1.4. To proved that, we establish the following result that is the weighted version of [3, Lemma 3.5].
Proposition 6.1. Assume that B is a basis in a Banach space X. If B is C d -w-democratic and C q -quasi-greedy, then B is C s -w-super-democratic with C s ≤ 4κ 2 C q C d , where κ = 1 if F = R and κ = 2 if F = C.
Proof. First, we prove the result for the real case. Consider A, B two sets with w(A) ≤ w(B) and two signs ε, η. If we denote by A ± = {n ∈ A : ε n = ±1}, using the democracy with w(A ± ) ≤ w(A) ≤ w(B) and quasi-greediness,
Now, we decompose B as the set A, that is, B ± = {n ∈ B : η n = ±1}. Hence, using quasi-greediness,
Then, by (20) and (21), the basis is C s -w-super-democratic with C s ≤ 4C q C d . For the complex case, we can proceed using [9, Lemma 6.4] as in Theorem 1.5 to conclude that B is C s -w-superdemocratic with C s ≤ 4κ 2 C q C d .
The second question that we study is related to w-super-democracy and w-disjoint-super-democracy. We know that, if w = (1, 1, ...) , that is, w(A) = |A|, a basis B is super-democratic if and only if B is disjoint-super-democratic. Quantitatively,
• If B is C s -super-democratic, then B is C sd -disjoint-super-democratic with C sd ≤ C s .
• If B is C sd -disjoint-super-democratic, then B is C s -super-democratic with C s ≤ C 2 sd . This result is trivial. Indeed, if the basis is super-democratic, then it is automatically disjointsuper-democratic. For the converse, if we consider that B is C sd -disjoint-super-democratic and take |A| ≤ |B| and C such that C > (A ∪ B) with |A| = |C|,
sd . Now, we ask the same equivalence for general weights. The result is the following: Proposition 6.2. Assume that B is a basis in a Banach space X. a) If B is C s -w-super-democratic, then B is C sd -w-disjoint-super-democratic with C sd ≤ C s . b) If B is C sd -w-disjoint-super-democratic, then B is C s -super-democratic with C s ≤ C sd (1 + c 2 2 C sd ). Proof. Only the item b) requires a proof. We proceed as in the proof of Theorem 1.11. Take A and B such that w(A) ≤ w(B). Case 1: ∑ ∞ n=1 w n = ∞ and sup n w n < ∞. Case 1.1: Assume that lim sup n→∞ w n < w(B). Since ∑ n w n = ∞, we can take E and n 0 such that n 0 > E > A ∪ B such that w(E) ≤ w(B) < w(E ∪ {n 0 }). In this case, since A ∩ (E ∪ {n 0 }) = / 0,
On the other hand, due to w(E) ≤ w(B) and E ∩ B = / 0,
